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In [3] George Cooke considered the problem of determining conditims undtx 
which a homotopy action of a group on a space may be replaced by an equivalent 
topological action. Cooke provided a scqr,re~ux of’ cohamalogical obstnxticms to 
such a replacement and considered various special cases whcrc t trese obstruct ions 
would vanish due to restrictive group Iheoretic or geometric hypothcscs. 111 this 
paper WC deal with similar questions, but from the point of view 01 rrhmzl 
homotopy theory. Although there is some overlap with Cooke’s work, for the most 
part, our objectives arc somewhat different. We go beyond rhc lifting of homot~~p> 
actions to consider the problem of replacing a hmtopy cquivariant map by :I 
rationally equivalent cquivariant map. The hulk of the paper is devmd to u study 
of actions on minimal differential graded ailgebras and equivariant maps between 
them. Geometric onsequences arc derived via the spat ial realization functor defined 
by Sullivan and developed by Boarsfield and Gugenheim. 
The paper is organized as follows. Section I provides basic definitions and a 
description of the main geometric results obtained. Section 2 is devoted to the 
construction of the primary object in our study, the equivariant minimal model. In 
the case of finite groups an equivalent construction has been given by Georgia 
Triantafillou in [9]. Although Triantafillou’s work does not lend itself to the 
applications we have in mind, it should be noted that it is truer to the spirit of 
equivariant homotopy theory. Following Sullivan [8], Section 3 describes the 
1 structure of the group of automorphisms a!’ the minimal ~nodel. Several algebraic 
consequences are then derived. In particulx, using nonabelian cohomology, vx 
1 obtain obstructions to replacing a homotopy equivariar.t automorphism of a 
/ 
; minimal DGA by an equivariant automorphism in the same homotopy class. The 
final section provides proofs of the main results and some extensions of them. 
This paper forms a portion of the author’s doctoral dissertation writter? at Ohio 
; 0022-4049/84/$3.00 Cc) 1984, Elsevier Science Publishers B.V. (North-Hollnnd) 
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State University under the supervision of Professor Dan Burghelea. Many of the 
results obtained here owe their existence to his inspiration and insight and should 
be considered as bearing his name as co-author. Also, some directly or indirectly 
illuminating hints concerning several details of the paper have been provided by 
Professors Joseph Neisendorfer and Paul Ponomarev of Ohio State University. To 
them I offer my appreciation. Finally, I wish to thank the referee for numerous 
suggestions improving the exposition of this work. 
1. The main geometric results 
We assume throughout the paper that the spaces under consideration have the 
homotopy type of CW-complexes. Let E(X) denote the discrete group of homotopy 
classes of selr’ homotopy equivalences of a space X. If X is a nilpotent space, then 
its rationalization X0 may be constructed and the universal property of localization 
provides a homomorphism 0 : E(X)-+E(X,). We say that X has finite total 
homotopy dimension if 
i dim(7ri(X)@Q)< oQ. 
i=l 
The following result of Sullivan [8] and (independently) Wilkerson [lo] is 
fundamental to our study. 
Theorem 1. If X is nilpotent and either a finite complex or of finite total homotopy 
dimension, then E(X,) is an algebraic group, Im(0) is an arithmetic subgroup of 
E(X,) and Ker(B) is finite. 
A homotopy action of a group G on X is a map p : G xX+X such that 
,uJx) =p(g, x) is a homotopy equivalence for each g E G and the induced map 
,4 : G -+E(XJ defined by /i(g) = [cc,] is a group homomorphism. For X satisfying the 
hypotheses of Theorem 1, we say that p is a reductive action if Im(0p) is contained 
in a reductive subgroup of the algebraic group E(X,& Any finite subgroup of an 
algebraic group is reductive, so it follows that any homotopy action of a finite group 
is a reductive action. 
Let (X, ,@ and (Y, v) be homotopy G-spaces; that is, X and Y are provided with 
respective homotopy G-actions p and v. A map 40 : X-+ Y is homotopy equivariant 
if tpi.4s= v& for each g E G. Similarly, @ is homology equivariant if p:@* = #*vi 
for each g E G. (X, p) is said to be rationally elementary equivalent o (Y, v) if there 
exists a rational homotopy equivalence @ : X-+ Y which is homotopy equivariant. 
(X, p) and (Y, v) are rationally equivalent if they are related under the equivalence 
relation generated by rational elementary equivalence. The triple (A, v, @) is said to 
be a rational geometric realization of the homotopy G-space (X, p) if (A, v) is a G- 
space and Q, :X-4 is a rational elementary equivalence. If (X, p) is a G-space and 
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f: X-+X is a rational elementary equivalence, then the system (A;, &, f,,) con- 
sisting of G-spaces A,, equivariant maps which are rational homotopy equivalences 
62,: A2,-l -+AZiP @2;+1 :A -,,+ 1-+Azi and an equivariant map fn : A,, -+A, is called a 
rational equivariant realization of f of length n if the following diagram is rational 
homotopy commutative, 
@I 
X=Ap-----A 
07 
1 &A +------...A 2 n 
f 
I I 
f‘l 
X=A 
@I 
0 t-------A 
@2 
I -A +------.-A 2 n 
If p is a homotopy action of G on X, then the induced action on cohomology is 
denoted by Hp. If ,u and v are two homotopy actions on X, then HP and Hv are 
said to be H-conjugate if there exists a homotopy equivalence S : X0 -+X0 satisfying 
S*H@*-‘= Hv. This is equivalent to finding an automorphism of the minimal 
model satisfying the required cohomological condition. Obstructions to the ex- 
istence ot’ such an automorphism have been constructed by Halperin and Srasheff 
(51, so H-conjugacy is, in some sense, effectively computable. 
A space is said to be nice if its minimal model is finitely generated. Spheres, com- 
pact Lie groups and, more generally, nilpotent spaces of finite total homotopy 
dimension (i.e. Postnikov Pieces) are examples of nice spaces. 
Our main geometric result concerns the two types of realizations described above. 
Theorem 3. Let X be a nice space and assume G is a finite group. Then 
(1) Any homotopy action of C: on X has a rational geometric realization. 
(2) Any two rational geometric realizations of two H-conjugate homotopv actions _ 
of G on X are rationally equivalent. 
(3) Any rational elementary serf equivalence of the G-space X has a rational 
equivariunt realization of length 2. 
Remark. In (1) we may replace ‘homotopy action’ by the obvious notion of 
‘homology act ion’. Similarly, the condition of homotopy equivariance in (3) may 
be weakened to that of homology equivariance. These observations will be apparent 
from the proofs. 
An extension of Theorem 3 for non-finite G is given in Section 4. There also, the 
case of non-discrete G is considered in the following manner. Let N = N(g, h) denote 
the subgroup of the topological group G generated by elements g and h. Via restric- 
tion, it is plain that any action of G on .X induces an action of N on X. 
Theorem 4. Let G be a topological group and suppose p is an action of G on a nice 
space X, If p IN is reductive and pg, &, induce the same map on rational 
cohomology, then they are rationally homotopic. 
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Corohry 5. If G is compact, and #Q, & induce the same map on rational ’ 
cohomology, then they are rationally homotopic. 
Remark. The results stated above for nice spaces also hold for finite nilpotent com- 
plexes (which may, of course, have non-finitely generated minimal models). The 
technicalities involved in adapting proofs for this class of spaces would lengthen the 
paper considerably, so we have decided to remain within the framework of nice 
spaces. 
2. The C-semisimple G-minimal model 
Recall that any differential graded algebra A with H’(A) = Q has a minimal 
model; that is, there exists a minimal DGA M and a DGA map e : M-*A which in- 
duces cohomology isomorphisms. In this way the effectively computable object M 
captures the ‘homotopy theoretic’ qualities of A. Given a DGA with group action, 
the intent of this section is to construct a minimal DGA with group action which 
serves as a model for both the homotopy theory and the action. 
Recall that L,(V) denotes the commutative graded algebra freely generated by 
the rational vector space V in dimension n. A differential graded algebra structure 
is given to L,(V) by defining d = 0. If A is a DGA, then the elementary extension 
of A by V is constructed by taking A@&(V) and requiring d IA = dA and 
d( I/)0. If A is freely generated, then so is A @t,( V). Similarly, if dA is decom- 
posable (d,&4)~,4+4+) and d( V&4+4+, then d is also decomposable. 
A DGA is said to be minimal if it may be written as an increasing union of sub- 
DGA’s constructed from the ground field Q by elementary extensions with decom- 
posable differential. More precisely, M is minimal if and only if there is a series 
QCMICM~C***CU,M,=M with Mi+I =Mi@Li+I(V) and d(V)CMc*Ml. 
A DGA map which induces cohomology isomorphisms is called a quasi- 
rsomorphism. The pair (M, a) is called a minimal model for the DGA A if M is a 
minimal DGA and e : M-4 is a quasi-isomorphism. 
A pair (A, ,u) consisting of a DGA A and a group homomorphism p : G -+Aut(A) 
is called a G-DGA. No*:e that the restriction of the action p to each A’ defines a 
representation pi of G. The triple (M, /I,@) is said to be a G-minimal model for 
(A, ,.u) if M is minimal, p lis an action of G on M and e : M-4 is an equivariant 
quasi-isomorphism. Although it seems that the G-minimal model does not always 
exist for given (A, p), we present a situation where such a construction may be made. 
Let C be a class of representations of a group G satisfying the following 
properties: 
I. Each irreducible rellresentation of G is in C. 
II. Each representation i  C is a direct sum of irreducible representations. 
III. Tire tensor product of two representations in C is also in C. 
IV. Any sum of representations in C is also in c. 
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An immediate consequence of these axioms is the following. 
Let ( c/, cy) and ( W, p) be representations of G and suppose f : V --+ W is 
equivarian t. Then, 
(1) If f is surjective and a! E C, then p E C and there exists an equivariant splitting 
g: W+V. 
(2) If f is injective and /3 E C, then a E C and there exists an equivariant splitting 
g: w-v. 
A G-DGA +I, ,u) is called C-semisimple if ,u’ E C for each i. 
Theorem B. Let (A& be a C-semisimple G-DGA with Ho(A) = Q. Then there 
exists a C-semisimple G-minimal model for (A, p). 
Proof. Define MO = Q and Q( 1) = 1. Now assume that a C-semisimple G-DGA M,, 
has been constructed along with an equivariant map e, :M, -+A which induces 
isomorphisms in cohomology through dimension n and is an injection in dimension 
n + 1. The construction of Mn + 1 and e, + 1 satisfying these conditions will complete 
the proof by induction. 
Each of the th;ee equivariant surjections Z”‘2(M,)-+H”+2(M,), Zn’ ‘(A)-+ 
H”+‘(A), A”+’ --43’+2(A) has an equivariant splitting provided by Lemma 
A. Denote these splittings by a,/$6 respectively. Because Im e,* is a G-stable 
subspace in H”+l (A), C-semisimplicity implies the existence of a G-complement 
V, . That is, Im ,$@ V1 = H”+ 1 (A) as G-modules. Denote the G-stable subspace 
ker &H”+2(M,) by V2. 
Define M, + 1 =M,@L,+,(V,@V2) with differential d(V1)=O and d+,=crir.,. 
Let efz+1:Mn+1 -+A be the extension of e, which restricts to /S on V, and to &,a 
on V2. The required properties follow easily. In particular, C-semisimplicity of 
M n+l is a consequence of Lemma A and axioms III and IV of a C-class. 2 
To prove the uniqueness of the G-minimal model, we must formulate and prove 
the equivariant analogue of the usual lifting theorem for minimal DGA’s. For this 
purpose we now recall the notion of DGA homotopy. If M is minimal, then as an 
algebra M=L(xi), for a set of generators {Xi}. Define M’ = L(x[f, x,!‘, _ti) with dif- 
ferential d$ = (dxi)‘, d$ = (dxi)“, Cl2i = x~! - x,!’ - s dxi. Here, s : M’ +A4 with 
S(Xi) =i?i and S(XY) = S(X)Y” + (- l)ixi~‘~(y). TWO maps f, g : M+A are homotopk if 
there exists K: M’ +A with H(.x$) =f(Xi), H(x;‘) =g(x,). If ~1 is an action of G on 
M, then there is an associated action on M’ given by, ,u&-,!) = &+)‘, P&Y,“) = 
(p,(Xi))“, p,(fi) =S(pg(Xi)). We say that H is a G-homotopy? if it is equivariant with 
respect o this action. 
ropositiion. Let the following homotopy commutative diagram consist of G- 
DGA 3, equivariant maps and a specified G-homotopy H. 
182 J.F. Oprea 
m9L,( V) -B 8 
If @ is a quasi-isomorphism, there exists an equivariant map $: M@ L,( V )-+ A ex- 
tending f such that @T is G-homotopic to g. 
Proof. Note that since L( V,@ V,) = L( V/,)@L( V,), it is sufficient to consider the 
case where V is irreducible. 
Because the DGA map @ may be considered as a map of cochain complexes, we 
may form the algebraic mapping cone C*= A*@B*-’ with differential 
d(a, b) = (-da, db + @(a)). Let {xi, . . . , x,J be a basis for V. Define F: V -+C”+ ’ by 
F(xi) = (-f dxi, gxi + Hs dxi). F is plainly equivariant since all of the defining maps 
are. By Schur’s Lemma, either Im F=O or F is an isomorphism onto its image. If 
Im F=O, then an explicit (and simple) construction of $ is possible. This case is left 
to the reader. 
Suppose Im F#O. Clearly F(xi) is a cocycle in C”+ i. Therefore, because @ is a 
quasi-isomorphism (i.e. H*(C) = 0), there must exist a nontrivial coboundary which 
‘kills’ F(xi). Hence d-‘(Im F)#O. Schur’s Lemma then implies that d : d-‘(Im F)+ 
Im F is a surjection which, by Lemma A, has an equivariant splitting CT. Thus, 
d : a(Im F)-+Im F is an isomorphism. 
Now define $ as the extension of f which restricts to PA d-‘f on V, where 
pA : Cn -+An is the projection. Define H: (M@L,,(V))‘-,B as the extension of H 
with ffxi’) = @(Xi), I?(.~~) =g(Xi) and I?($i) = -pB d-‘F(Xi), where PB : C” +B”- I is 
the projection. The required properties of f and R are easily checked. 0 
Corollary. The G-minimal model is unique up to isomorphism. 
Proof. Let (M,Q) and (N, a) be two G-minimal models for (A, p). At each stage of 
M there is an equivariant extension problem, 
b 
0,” , 
N 
Because o is a quasi-isomorphism, the preceding proposition provides an extension 
p. Continuing this procedure a. each stage gives p : M-+N with ap ==Q. Clearly, p 
is a quasi-isomorphism since Q and CJ are. But then, because M and N are minimal, 
p is an isomorphism. Cl 
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We have constructed the G-minimal model under the rather general assumption 
of C-simplicity. Our applications, however, center on the case where G is finite. In 
this situation we take C to be the class of all representations of G. I-IV are clearly 
satisfied. 
Recall that if G is a finite group acting on a space X, then there is an induced 
action on S(X), the singular complex of X, via semi-simplicial automorphisms. The 
naturality of the Q-polynomial form functor A (see [S] or [2]) then provides a G- 
DGA structure to A(X). Because G is finite, the action is semisimple and the G- 
minimal model may be constructed. It is this chain of equivariant constructions 
which reflects both the rational homotopy structure of X and the action of G on X. 
3. Conjugacy of DGA actions and obstructions to equivariance 
In this section we begin by recalling the structure of three automorphism groups 
associated to a minimal DGA 1M. Let Aut(M), h-Aut(M) and H-Aut(M) denote the 
groups of automorphisms of 1M, homotopy classes of automorphisms of 1M and 
cohomology automorphisms which are induced by automorphisms of A4 respec- 
tively. If IM is finitely generated, then Sullivan [8] has observed that each of these 
groups has the structure of an algebraic matrix group. Furthermore, there are sur- 
jections 71  : Aut(M)+h-Aut(M), 7r2 : h-Aut(M)+H-Aut(M) and z = ~~~~ with 
respective unipotent kernals Ui, U2 and UO. Mostow’s Levi Decomposition [6] may 
be applied to obtain semi-direct product structures in each of these algebraic groups: 
Am(M) = R >d U, h-Aut(M) = R >Q U/U1 and H-Aut(lli) = R M U/U,. Here, R 
denotes the reductive part (i.e. a maxir;al reductive subgroup) of Aut(M) and 
U, U/U,, U/U, denote the respective unipotent radicals. The significant feature of 
these decompositions is that the reductive part remains unchanged under Q, II~ 
and ~0. We note here that R is not unique. However, if a decomposition 
Aut(M) = R’M U is given, then there exists s~Aut(M) such that sR’s_’ = R. 
Similar remarks apply to h-Aut(M) and H-Aut(M). 
A homotopy action of G on A4 is a homomorphism p : G-+h-Aut(ti). We shall 
also use the abbreviation ‘h-action’ where it is convenient. Let p and v be two 
actions of G on A4 We say that p is conjugate to v if there exists r E Aut(fM) such 
that 7~7~I = V. The induced actions on cohomology, E?p and 1LQv, are said to be 
H-conjugate if there exists 7‘~ H-Aut(M) such that 7Hp7-’ = Hv. An action or 
h-action is called reductive if its image lies in a reductive subgroup of Aut(lC1) or 
h-Aut(M) respectively. The two notions of conjugacy correspond to the usual 
definition of equivalence of representations and the notion of reductive action 
mimics the geometric version defined in Section 1. 
Suppose that p is a reductive action of G on M and assume that Im(,u) is con- 
tained in a maximal reductive subgroup R’. Then, as we have seen, there exists 
SE Aut(M) such that sp(G)s-’ CsR’s-’ = R. Thus, up to conjugacy, it may be 
assumed that all reductive actions have their images in a fixed R. 
Proposition C, Let M be Q finitely generated minimal DGA. Two reductive group 
actions on M are conjugate lf and on@ if the induced actions on cohomology are 
H-conjugate. 
Proof. One implication isclear. Therefore, let ,u and v be two W-conjugate r ductive 
actions of 6 on M. By the remarks immediately preceding the ttatement of the pro- 
position, we may assume their images lie in R. Hence we write p(g) = (p(g), 0) and 
v(g) = (v(g), 0) for the images of g E G in Aut(M) = R >Q U. The reductivta part R is 
invariant under the projection to H-Aut(M), so we may also write HP(g) = (p(g), 0) 
aand Hv(g) = (v(g), o), where 6 denotes the projection U -+ U/U,. 
Because Hp and Hv are H-conjugate, there exists ‘I= (A,@)E H-Aut(M) with 
7H,urw’ = Hv. Using the semi-direct product multiplication to expand this equation 
produces (A,& I, (5 + A,&’ m (-a)) = (v,@. Here, + denotes the operation of U/V, 
and s denotes the action of R on U/U,. Equating components, we obtain A/$’ = v 
in R~Aut(ni). Then, since A E R, we have 
(A, O)(p, WA - ‘9 0) = (ApA - ‘9 0) = 0s 0); 
that is, p is conjugate (via A) to v. Cl 
We now turn to the question of when an automorphism of a minimal DGA which 
is homotopy equivariant with respect o a given group action may be replaced by 
an equivariant automorphism within its homotopy class. Our objective is to inject 
some notion of naturality into the G-minimal model construction. 
The subgroup U1 = Ker n1 consists of automorphisms of M which are homotopic 
to the identity. Hence, for fe Aut(M), the coset fU, consists of automorphisms of 
M which are homotopic to f. Now suppose that f is homotopy equivariant with 
respect o a given action p of G on M. Then, via flu, G acts on JUI. Moreover, a 
fixed point under the action is simply an equivariant map in the homotopy class of 
f. Thus, our original problem is reduced to finding fixed points under a G-action 
on fU,. 
To simplify notation we shall write dg -I for the action of gfz G on f in place of 
the proper ~JIflg’. 
Now suppose that fu efUI is a fixed point for the given action. Since f is also 
assumed to be homotopy equivariant, there exists a unique a(g)E U, with 
gfg-’ =fo(g). tz simple computation then provides fa(gh) = fa(g)go(h)g-‘; that is, 
o&h) =a(g)ga(h)g-? Then fu =&g-‘gug-’ =fa(g)gug-‘. Hence 1 = u-‘a(g)gug-‘. 
The two relations involving cr and u that we have derived are well known in the study 
of nonabelian cohomology. We briefly review this theory in order to formulate our 
obstruction results. The reader should consult [7] for details. 
To make apparent he connection with the preceding discussion, we assume that 
the groups G and U are contained in some larger group and that G acts on U by 
conjugation. Define, 
2 ’ (G; U) = { a : G -+ u 1 a(gh) = tY(g)ga(h).g ’) , 
An element a E Z’(G; U) is called a cocyclc. An equivalence relation is defined on 
%‘(G; U) by saying that a-1 (i.e. CJ is cohomologous to A) if there exists IIE U 
with A(g) = U‘ ‘a(&~& ‘. The first nonabelian cohomotogy set of G with coeffi- 
cients in U is given by I$‘(G; U)==Z’(G; U)/-. Note that kd’(G; I/) is not 
necessarily a group. There is, however, a distinguished element provided by the 
cocycle which is constant at 1 (the ‘zero cocycle’). The notion of exact selquence of
sets may then be applied within this framework. 
If A CB are G-groups, then C= B/A is also a G-group and Serre [7] shows that 
there is an exact sequence of sets, 
1 --#-t~~--+C “-+H’(G; A)-+W’(G; B)-+H’(G; C). 
The only property of this sequence that we require is that the vanishing ot 
H’(G; A) and H’(G; C) implies the vanishing of W’(G; L3). 
Now, recast in the language of nonabelian cohomolagy, we see that any 
homotopy equivariant auromorphism f defines a cocycle CJ E Z ‘(G; Ul ). Further- 
more, an element fu E fVl is equivariant if and only if CJ - 0. Therefore, tlhe cocycle 
0 associated to the homotopy equivariant automorphism f is exactly the obstruct ion 
to equivariance desired. The next question to ask, of course, is under wh’at general 
conditions the cocycle a is cohomologous to zero. Plainly, the most practical (but 
least general) case to consider is when H ‘(G; U) vanishes. 
Lemma D. Let U be a unipotent algebraic group over Q. k”” N’ (G; IV) = 0 ~‘or ewy 
QG-module W, then H’(G; U) = 0. 
Proof. In both the statement of Lemma D and its proof we implicitly invoke the 
well known result that if W is abelian, then H’(G; U) corresponds to the usual 
definition of group cohomology. 
Because I/ is u’liipotent, it is also nilpotent. In fact, U has a finite lower central 
series consisting of closed unipotent subgroups, C’ = I/, C”’ = [C‘, U]. Let 
C”’ I = 1. Then C’CZ(U), the center of U and because it is abelian and uni- 
potent, Cs= Qk for some k. Hence, Cs is a QG-module and, by assumption, 
H’(G; C”) =O. Note that because C’K” ’ is also abelian and unipotent, then 
H’(G; C’/C”‘)=O as well. 
Assuming inducfively that H’(G; C” ’ ) = 0, an application of the Serre sequence 
of pointed sets to the short exact sequence Cic’ -+C’-+C’/C”’ gives H’(G; C’) =O. 
Thus, H’(G; U) = 0 by induction on the lower central series of W. i-1 
The relevant facts concerning the lower centra,i series of the unipotent group U 
can be found in [4]. Examples of groups satisfying the hypothesis of Lemma D in- 
clude finite groups (easy), Sp(Z, n), n 2 2 and SL(Z, n), n 13 (see [l]). Therefore, if 
one of these groups acts on a minimal DGA, then the obstructions to equivari~~nse 
must vanish. 
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We now describe our results within the formalism of certain exact sequences. Let 
Auto(M) denote the group of equivariant automorphisms of M and let h-Aut,(M) 
denote the group of homotopy classes of homotopy equivariant automorphisms of 
M. Define a homomorphism w : Aut&M)+h-Auto(M) by w(f) = [f] and a func- 
tion C: h-Auto(M)-+H’(G; Iri) by C([f]) = [o], where o is the cocycle associated 
to f. 
Proposition E. C is well-defined and the sequence 
A%(M) w h-Aut,(M) ’ - H*(G; U,) 
is exact. 
Proof. Let [ fl] = [ f2]. Then fi = fiu for some u E U, . If 0 and A are the respective 
associated cocycles, then a simple computation gives f, a(g) = fi u- ’ A(g)gug-‘. That 
is, after left multiplication by fi -l, 0 is cohomologous to 1. Thus, C is well- 
defined. 
To prove exactness, we first note that if f is equivariant, then sfs-’ =f. Hence, 
the cocycle associated to f is the zero cocycle. Thus, Z( w( f )) = 0. 
Now let C([f 1) = 0. If 0 is the cocycle associated to f, then [a] = 0. Therefore, 
there exists u E U, such that o(g) = u-‘gug- ’ for each g E G. This relation easily im- 
plies that gfu-‘g-l = fu-‘. Thus, fu-’ is an equivariant automorphism in the 
homotopy class of f and so w(fu-‘) = [f&l= [f]. Cl 
Proposition E expresses the solution to the equivariance problem in terms of an 
exact sequence. In this spirit, we consider the sequences, 
AUtG(M)-)H-AutG(M)-)Hi(G; &,), 
h-AutG(M)+H-AutG(M)-+H’(G; &). 
Here, H-AutG(M) denotes the subgroup of H-Aut(M) consisting of automor- 
phisms which are equivariant with respect o the induced action on cohomology. 
Using the proof of Proposition E as a model, it is easily seen that these sequences 
are exact. As before, exactness expresses the solution to an associated equivariance 
problem. We leave exact formulations to the reader. At the risk of redundancy, we 
collect our algebraic results in a theorem. 
Theorem 2. Let G be a group and M a finite/y generated mirlrimal DGA. Then, 
(1) Any reductive homotopy action of G on M may be lifted to an action of G 
on M. 
(2) Any two H-conjugate reductive actions of G on M are conjugate. 
(3) The sequence 
AutG (M) w h-Aut,(M) 
2Z 
-----+ H’(G; c/l) is exact. 
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(4) If H’(G; W) = 0 for every QG-module W, then any homotopy equivariunt 
automorphism of M is homotopically equivalent o an equivariant automorphism 
of M. 
Proof. (1) Let p : G -+ h-Aut(A4) be a reductive h-action. As we have observed, there 
exists SE h-Aut(M) such that s,~(G)s-’ CR. This defines an h-action denoted by 
W - ‘. From Sullivan’s results on the structure of Aut(M) and h-Aut(M), it is clear 
that, when restricted to R, the projection 71  : Aut(M)-,h-Aut(M) is an isomor- 
phism. Thus, nl 16’ exists and is denoted by n; ‘. Now, choosing SE Aut(M) such 
that nl(S) =s, define an action fl of G on M by ,O = S-‘(I$(s&))S. Plainly, 
nip =p. Therefore ,i~ is the desired lifting of ,u. 
(2) This is Proposition C. 
(3) This is Proposition E. 
(4) Apply Lemma D to (3). 0 
4. Geometric onsequences of Theorem 2 
Recall that a G-space (X, p) provides an associated action &u on the singular com- 
plex S(X). The nalurality of geometric realization then guarantees that the standard 
homotopy equivalence 1 S(X) 1 --+X is also equivariant. 
Also recali that the Q-polynomial form functor A( ) carries the action $1 to an 
action A,u on the DGA A(X). The spatial realization functor ( 3, which is adjoint 
to A( ), then gives an equivariant map S(X)j(A(X)). Yoreover, if M is a G- 
minimal model for (A(X), A,@, there is a <hain of equivariant maps, 
If X is nilpotent, then each map is a rational homotopy equivalence. The reader is 
referred to [8] and especially [2] for a discussion of the functors A( ) and ( ). The 
singular camp /.ex functor and Milnor’s geometric realization are classical. 
Proof of Theorem 3. Let M be a fixed minimal model for X. 
(1) A homotopy action /I : G *E(X) induces a homotopy action t9fi :G -+J!Y(X~~) = 
h-Aut(M). Now, letting 0~~ denote any map in the homotopy class of @(g), there 
exists a homotopy commutative diagram, 
x-IW)I- IW)l 
for each ge :I;. Since X has the homotopy type of a CW-complex, the map 
X + IS( rn,iy be inverted up to homotopy. This preserves the honmtopy COIU- 
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mutativity of the diagram, so we have 
Because G is finite, JJ is a reductive h-action. The induced h-action 0,~ is then reduc- 
tive also. By (1) of Theorem 2, 0,~ may be lifted to an action p on M. Since &= tI,u, 
for each gE G, there is a homotopy commutative diagram, 
Since X--+ 1 (M)( is a rational homotopy equivalence, the G-space (I(M [(@I) is 
the desired rat.ional geometric realization of the h-action p. 
(2) Let ,u and v be two h-actions of G on X such that Hp and Hv are H-conjugate. 
Suppose that (A, U, @) and (B, #I, v/) are rational geometric realizations of 1 and v 
respectively. Since G is finite, the G-minimal models of A and B may be con- 
structed. They are denoted by MA and iW,+ The rational elementary equivalences @ 
and w determine, up to homotopy, mappings of models MA 44 and i’&-+M 
which we also denote by @ and I,V respectively. Since @ and ry are quasi- 
isomorphisms of minimal DGA’s, they are isomorphisms. 
The procedure of the proof is straightforward. It will be demonstrated that H- 
conjugacy of Hp and Hv provides a homology equivariant isomorphism MA 44~. 
The existence of this isomorphism will then be shown to imply the rational 
equivalence of (A,@ and (B, 8). 
Because (A, a, @) and (B, j3, w) are realizations of the respective h-actions ,u and v, 
the relations a@ = &U and /+ I,UV hold. (Note that the subscript g has been sup- 
pressed on the respective actions.) Passing to minimal models, we obtain $10 = (O,u)@ 
and wp= (6v)w, where @, Ov are the induced h-actions. Now, since Hp and Hv are 
H-conjugate, there exists TEA&(M) such that T*HpT*-’ = Hv. These relations 
imply that the following diagram commutes at the level of cohomology, 
MA 
@ T w 
----M-M-M B 
rl ~ 4 T lev IB 
MA 
ry -M-M-M B 
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Since w is an isomorphism, we obtain 
H,+ (v-‘T@)*Ha(w-* T@)*-‘. 
Then S = w-’ To is a homology equivariant isomorphism MA -‘MB. 
Now, define an action co on MA by setting o = S-*flS. Because HP= S*HaS*-‘, 
it follows that Ho = H&. Hence, Theorem 2(2) provides FE Aut(M,) with 
F%F= a. Clearly, di = (SF)-‘p(W). There is then a chain of rational elementary 
equivalences, 
Hence, (A, a) is rationally equivalent o (B, p). 
(3) Let f: X+X be a rational elementary equivalence with respect o an action 
p of G on X. By definition, pf =fp. Passing to the G-minimal models we obtain 
M(f ),d =pM( f), where M(f) is any DGA map in the unique homotopy class deter- 
mined by f. (Note that M(f) E Aut(M) since it is clearly a quasi-isomorphism of 
minimal DGA’s.) M(f) is then a homotopy equivariant automorphism of M. 
Because G is fin&e, the hypothesis of Theorem 2(4) is satisfied and there exists an 
equivariant automorphism F of M such that [F] = [M(f )]. Spatial and geometric 
realizations provide an equivariant map I (F) I : ) (Ad) I -+ I (M) 1 and the diagram, 
displays the rational equivariant realization of length 2. q 
The rational geometric realization constructed in (1) of the preceding proof is 
called the canonical realization of the h-action ,u. This construction makes clear that 
we do not require G to be finite as long as we know that p is reductive. Hence, 
replacing the restriction on G by a restriction on p also allows the construction of 
a realization. Similarly, if G is not finite, but ,u is reductive, then an analog of part 
(2) of Theorem 3 must restrict itself to consideration of the canonical reatization 
since the exis& nce of the G-minimal model for arbitrary realizations is not assured. 
As a corollary to the proof of Theorem 3 we state: 
Theorem 3’. Let G be a group and X a nice space. 
(1) Any reductive homotopy action of G on X has a rational geometric 
realization. 
(2) Any two H-conjugate reductive homotopy actions of G on X have rations/iv *
equivalent canonical realizations. 
Finally, we prove Theorem 4 and Corollary 5. 
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Proof of Theorem 4. Since ,ul,,, is assumed to be reductive, we may suppose , 
$fi(N)c R. In particular, [~&uJ- ’ ER. The projection 7r2 : h-Aut(M)-+H-Aut(M), 
when restricted to R, is an isomorphism. However, 
since loll and flF(h induce the same map on cohomology. Hence, [p,] = [pi,]; that is, 
pg is rationally homotopic to ,(fh. Cl 
Proof of Corollary 5. If G is compact, then n&3) is finite. If g and h are in the 
same component of G, then ,ug and ~1, are homotopic. In particular, there is a 
factorization, 
@fi 
G- h-Aut(M)-+H-Aut(M) 
\ / 
no(G) 
Because 6,G factors through a finite group, then ,U is reductive. An application of 
Theorem 4 completes the proof. El 
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